Abstract. In this paper we consider some property of approximate character amenable Banach algebras. Also we express the concept of approximately ϕ-left amenability of subspaces in A * . Then we investigate the multipliers on such algebras.
Introduction
Suppose that A is a Banach algebra and X is a Banach A-bimodule. then X * , the dual of X , has a natural Banach A-bimodule structure defined by < x, a · x * >=< x · a, x * > , < x, x * · a >=< a · x, x * > (a ∈ A , x ∈ X , x * ∈ X * ).
Such a Banach A-bimodule X * is called a dual A-bimodule. Also For x * ∈ X * and x ∈ X define x * · x ∈ A * by < a, x * · x >=< x · a, x * > (a ∈ A).
Let A be a Banach algebra and X be a Banach A-bimodule. A derivation D : A −→ X is a linear map, always taken to be continuous, satisfying
D(ab) = D(a) · b + a · D(b) (a, b ∈ A).
Given x ∈ X , the map δ x (a) = ax − xa is a derivation on A which is called an inner derivation. 
We denote the set of all multiplier on A by M(A). If A has a bounded approximate identity, then M(A) is a closed subalgebra of B(A). (The Banach algebra of all bounded operators on A), and in this case for T ∈ M(A) we have
Now Given a commutative complex Banach algebra A with or without identity. Let Φ A stand for the spectrum of A, i.e., the set of all nontrivial multiplicative linear functional on A. If ϕ ∈ Φ A ∪ {0}, then a Banach A-module X , can be considered as a Banach left and right A-module, which denoted by (ϕ, A)-bimodule and (ϕ, A)-bimodule Respectively, with the following module actions
Note that for left module action in the above it is easily verified that the right action of A on the dual A-module X * is given by 
Then for all a, b ∈ A, and x ∈ X , we have;
Therefore for all a ∈ A and α ∈ I we have
Thus for each a ∈ A and x ∈ X we have
Combining this with the equation
So D is approximately inner. For (ii) ⇒ (i) see [10, 11] .
One can see the proof of following proposition in [11] , which we apply it in the Next section. 
Proposition 3. For a Banach algebra A and ϕ ∈ Φ A , the following are equivalent: i) There exists a net {m
α } ⊂ A * * such that m α (ϕ) −→ 1 and for each a ∈ A, ||a · m α − ϕ(a)m α || −→ 0. ii) There exists a net {n β } ⊂ A such that ϕ(n β ) −→ 1 and for each a ∈ A, ||a · n β − ϕ(a)n β || −→ 0. iii) A is approximately ϕ-amenable.i) m α (ϕ) α −→ 1 ii) ||a · m α − ϕ(a)m α || −→ 0 (a ∈ A).
−→ 1 and ||a.m α − ϕ(a)m α || −→ 0 (a ∈ A). It is easy to see that ϕ · a = a · ϕ = ϕ(a)ϕ and P (ϕ) · a = ϕ(a)P (ϕ), (a ∈ A).
The continuity of P implies that for each α ∈ I, the functional m α :
Hence A is approximately ϕ-amenable. The converse of the proposition is trivial by definition. example 1. i) Let A be a Banach algebra with a bounded approximate identity and X = AA * . So X is a (proper) closed submodule of A * [12] , and
for every a ∈ A. Then by the previous theorem X is left approximate ϕ-amenable if and only if A is approximately ϕ-amenable.
Note by the same argument we can prove the previous proposition in case that A is not commutative. 
Proposition 7. Let
Let λ α 0 = f, m α 0 ∈ C. We find λ α 0 ϕ ∈ {f · a; a ∈ A} −w * . By the same argumen for each α > α 0 we find net (λ α ) such that λ α ϕ ∈ {f · a, a ∈ A} −w * . The converse is clear by [13, theorem 3.3] .
MULTIPLIERS WITH CLOSED RANGE
In this section we consider multiplier T on a commutative approximately ϕ-amenable Banach algebras and express some interesting results that show the relation between approximate character amenability of A and existence of approximate identity in I ϕ = ker ϕ.We start this section with the important following lemma.
Lemma 8. If A is an approximately character amenable commutative Banach algebra and T : A −→ A be a multiplier with closed range, then for each ϕ ∈ Φ T (A) , the Banach algebra T (A) is approximately ϕ-amenable.
Proof. For each ϕ ∈ Φ T (A) , we can choose x ∈ A for which ϕ(T (x)) = 1. If now define the linear functionalφ on A byφ(a) := ϕ(T (xa)) for a ∈ A, theñ ϕ is non-zero and multiplicative because,
Also the definition ofφ is independent of the choice of x. Thereforeφ ∈ Φ A . According to proposition 3, by approximateφ-amenability of A, there exists a net (n α ) α∈I in A such thatφ(n α ) −→ 1 and ||an α −φ(a)n α || −→ 0 for each a ∈ A. Now for each α ∈ I, set m α := T (x)n α . So we have
Also, for each a ∈ A,
is approximately ϕ-amenable.
Corollary 9.
Let A be a commutative Banach algebra and T : A −→ A be a multiplier with closed range. Then the following assertion are equivalent.
The following theorem is a direct result of [11, Proof. By proposition 11, since A is approximately character amenable, So T (A) has a bounded approximate identity. Now by lemma 13 the proof is completed.
The following result follows immediately from two above propositions. 
